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Universitas Islam Negeri Sumatera Utara Medan

Article Info ABSTRACT (10 PT)

Statistical pattern recognition is the process of using statistical techniques to
obtain information and make informed decisions based on data measurements.
It is possible to solve the doubt inherent in the objective function of the 2-
Dimension Linear Discriminant Analysis by employing the symmetrical 2-
Dimension Linear Discriminant Analysis approach. Symmetrical 2-
dimensional linear discriminant analysis has found widespread use as a method
of introducing handwritten capital letters. Symmetric 2-DLDA, according to
Symmetric 2-DLDA, produces better and more accurate results than Symmetric
2-DLDA.
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1. INTRODUCTION (10 PT)

Pattern recognition is the process of recognizing patterns regularities in data by using automated algorithm. The process in
pattern recognition systems starts from the selection of patterns as sensors, then the patterns are entered into processing
techniques, representation charts, and finally, the process of modelling decision making.[1]

When it comes to pattern identification in this study, statistical classification is the most effective method[2]. Pattern
recognition can be done using a variety of algorithms. Writing with LDA is a successful application of Linear Discriminant
Analysis (LDA). Latent Dirichlet Allocation (LDA) is a subspace investigation method for studying the low-dimension structure
of high-dimension data. In the vector space character projection, this method simultaneously minimizes the distribution within
class (Sw) and maximizes the distribution between classes (Sb).[3]

In 2-Dimensional matrices such as images, and in general the image is not symmetrical X; # X", then the distribution matrix
between classes and distribution matrices in a class is defined not single:

Sb()()(r);ésb(XTX)s Sw(XXT)#Sw(XTX)’ (1)

so there are a number of possible choices for determining the appropriate objective function of LDA[4]. The introduction
of handwritten capital letters is one of the applications of symmetrical 2-dimension linear discriminant analysis.

Journal homepage: https://journal.universitasbumigora.ac.id/index.php/matrik
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2. RESEARCH METHOD
2.1. Linear Discriminant Analysis

In the classification process, first measure the observational characteristics of the sample. Extract all the information
contained in the sample to calculate the sample-time value for a curve-shaped pattern, and the level of blackness of the pixels
for a figure, as shown in Figure 1 [5] .

Figure 1. Example measurement of letter patterns

o N; . . Nxi .
If a data matrix is given HeR™ , LDA method intents to encounter a transformation K € R * that assigns each a;
column from matrix H, for 1 <i <p, in the P dimension space to the bi vector in the dimension 1 space. Namely K:

Nxn _pT ! !
heR —-b,=K heR(I< P). In other words, LDA intents to encounter a vector space K spanned by {k' Jin

T T pN\T 1
where K= [ki, k2, ...,ki], so that each A; is projected to K by (k| B,k ) €R [6].
Consider that the initial data in / is subdivided into k classes so that H = {[], []2,..., [Ix}, where []i loads ni the data points of

k
class —i and Z':1 Pi= P The classic LDA intents to encounter the optimal transformation of G so that the class structure of
the initial high-dimensional space data is converted into a low-dimensional space.[7]

The transformation to a lower dimension subspace is used in LDA is

_ T
i=K'x, o))

where K is the transformation to a subspace. Usually also written with (y1, ..., y5) = K7 (x1, ..., Xp) atau Y = K7 X.. The main
purpose of LDA is to find the value of K so that classes can be more detached in the transformation space and can conveniently
be identified from the others. In the Linear Discriminant Analysis method, there are two distribution matrices, namely the in-

class distribution matrix symbolized by S"’, and the inter-class distribution matrix symbolized by ~?, each construed as follows:

$, =33 [x,—mlx, —m, T

i=l xell; (3)

S, =3 nm,—~mllm, ~m]’
i1 (©)]

. . X . . .
Where 7 is the number of fragment in the class "', and M s the average image of -i and M is the overall average
[9]. The class average formula and the overall average is as follows:

1

1
m-ty 1
17, L, m " z,-=1zxe[[, X

i is the average of the i-class, and
optimizations in Linear Discriminant Analysis[10]:

5, _ K'S,(X)K
S(Y) K'S, (XK

is the overall average. General

max J(K)=tr
&)
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3. RESULTS AND ANALYSIS
3.1. In 2-Di ional Linear Discrimi Analysis

The preeminent discrepancy between the classic LDA and 2-DLDA that the researchers propose in this study is about data
representation. Classical LDA uses vector representations, whereas 2-DLDA works with data in matrix representations. In using
the 2-DLDA method, it will be seen that the representation leads to eigen-decomposition of the matrix with a smaller size. More
specifically, 2-DLDA involves eigen-decomposition matrices of r X r and ¢ x ¢ sizes, which are much smaller than the classical
LDA matrices [11].

It has been agreed in 2-DLDA that a set of images is symbolized. by X =(Xi, Xz, ..., Xu), Xi € R™ With the same
clairvoyance as the classical LDA, 2-DLDA tries to find a linear transformation

Yi=LTXiR (6)
so the different classes are detached.

_1 1
Mi - n, szl'l, X M= ;Zf:IZXEH, X

Suppose that is the average of the i-th class, 1 <i<k, and means the overall average[12]. In 2-DLDA, researchers regard
~ exi,
and Re ™7

. . . . . . . ~ rxl,
images as two-dimensional signals and intend to detect two transformation matrices Le !

Hi member for 1< x <n, to a Bi matrix so that Bi=LT H; R.

and assigns each

Similarly to classic LDA, 2-DLDA intends to encounter optimal L and R transformations (projections) so the class
structure of the initial high-dimensional space is converted to a low-dimensional space. An innate metric affinity
between matrices is the Frobenius[9]. The square of the distance from within-class and between classes can be calculated

as below:
k k
DWZZZHX_Mii' Db:zni Mi_MHZF
i=1 xell; , i=1 [6]
2
trace (M M")= HMHF , for a matrix M, so obtained :
k
D, =trace z z HX—M,. ZF
i=1 xell; [7]
k
D, =trace z z HX—M,. i

i=1 xel],
' [8]
In low-dimensional space, the result of linear transformations L and R, the distance between classes and between-classes
becomes:
B k
Dy =trace| >, > L' (X -M,)RR" (X -M,)' L
i=1 xell;
[9]
— L3 V78
Dy = trace(an.LT (X -M,)RR" (X -M,) Lj
= [10]

The optimum of transformation of L and R will maximize D5 and minimize D, because of the difficulty of calculating
the optimum of L and R concurrently, the following is the algorithm for 2-DLDA. More particularly, for a settled R, we can
calculate the optimum of L by determining the same optimization problem with equation (12). By calculating L, we can then
amend R by determining another optimization problem as the only solution in equation (6).

Algorithm Symmetric 2-DLDA for Recognizing Handwritten Capital Letters (Ismail Husein)
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1. L calculation

For a settled R, Duwand Db canbe rephrased as
D, = trace(LTSfL) D, = trace(LTSbRL)
where

S»If :i z (XﬁMi)RRT(XfMi)Tﬁ S[f zlzni(Mi 7M)RRT(M17M)T

i=1 Xell, i=1 [12]

T QR -1 T oR
optimal L can be calculated by figuring out the succeeding optimization problem: max. trace (LS, Ly (L'S,L)) .
SEx=ASFx Sk

. Because "~
Ry\-1 QR
(5.7,

[11]

The solution can be procured by clarifying the problem of generalizing the following eigenvalues:

in general it is nonsingular, the optimum L can be obtained by calculating an eigen-decomposition on . Remark that

R R
the size of the matrices S, and Sy are 7' X7 (square matrix), which is smaller than the size of the matrices Swand Sy in
the classic LDA[13].

2. R calculation

Then calculate R for a settled L. Dwand Dwcan be written back as

D, = trace(RTSf‘jR) Dy = trace(RTSb"R)

[13]
where
k k
SE=Y Y (X =M LL(X-M,), S} =Y n(M,—~M)" LL' (M, - M)
i=1 Xell i=1
' [14]
. o . N (R"SER)'(R"S}R))
Optimal L can be calculated by clarifying the succeeding optimization problem: maxr trace w b .
L _ QL
The solution can be obtained by solving the problem of generalizing the following eigenvalues: S,x = AS’Y ¥ Because in
Ry-1 QR
general it is nonsingular, the optimum R can be obtained by calculating an eigen-decomposition on (5.) Sl’ . Remark that the
L L
size of the matrices S, and S are ' X7 (square matrix) [13]
3.2. Sy ical 2-Di) ion Linear Discrimii Analysis (Symmetrical 2-DLDA)

It has been stated in the previous chapter that the classification approach with 2-Dimension Linear Discriminant Analysis

(2 DLDA) raises a fundamental problem of doubt: There are two ways to delineate in-class distribution matrices SW

S.(XXN)=Y ¥ (X, M,)(X, - M)

j=1 X;ex,
k
T T
SUXTX)= 2 X (X, = MY (X, M)

. o . S
and there are two ways to delineate the distribution matrix between classes ~*

S,(XX") = inj(Mj -M)(M;-M)"

J=1

Matrik : Jurnal Manajemen, Teknik Informatika, dan Rekayasa Komputer
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S,(Xx") = inj(Mj -M) (M, -M)

Jj=1

Consequently, in the space of transformation can be written

S,(YY"), S,(Y"Y),
8,(YY"), S, (Y'Y),

In general, images are not symmetrical X; =X, then

S, (YY) =S, (Y'Y),
S, (YY) %S, (Y'Y),
For this argument, the objective function of LDA is dubious, which raises a number of choices:
S (YY"
LS, (YYD)
T YY' Y'Y
JZ:trish(Y Y) Jy=tr 7&’( T)+7S}’( T )
S,(Y'Y) S,(YYD) S.(Y'Y)
J—tr Sb(YTY) Sb(YYT)
LS.y s,y |

_ S YYD+5,(Y)
S, (YY" +S,(Y'Y) (8]
Symmetrical 2-Dimensional Linear Discriminant Analysis in solving the ambiguous problem above inspired by a key
observation: if the picture is symmetrical, namely Xi = Xi, then
5, (XX") =S, (X"X),
S, (XX") =5, (X"X).

The solution of this problem uses a new data representation that is symmetric linear transformation.

0 Y' 0 X 0 L
y o) "lx o)/ TR o

Pada Fukunaga(1990), matriks didefinisikan sebagai:
In Fukunaga (1990), I' matrix is defined as:

5

o 0 0
0 .
0 - o

n

that is, the diagonal matrix is mainly the value of the variance of the data and other elements 0. The linear transformation above
is equivalent to the linear transformation Yi= LT X; R.. The explanation is as follows:

R ey
S s )
Y o P )
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0 YY) (RX) 0 )0 L
Y, 0 0 L'XJIR 0

0 YY) ( 0 RXL

Y, O LTXiR 0

obtained Yi=LTXi R and Yi'=RTX;" L. We also have
2

[0 X‘TJ-F[O Yi)rT =2|X,-LYR"[’

X, 0 Y' 0

i

Therefore, optimization using (L, R) is equivalent to optimization using r,
Other than that, by using symmetric linear transformations produced a theorem:

Theorem 1: The single objective function of LDA for2-DLDA is
S.YY) _ S,V

' S, (YY") S, (YY)

Japrap =1t
[15]
R'S'R L'S'L

J t +———
R'S'R L'S*L

apr2-p = U
[16]
Using theorem 1, in the case non symmetrics matrices which cause Sw and S, in X space to be doubly defined it also
causes Sw and Sy in Y space to be doubly defined. So

o S0 L RISLR
' S.(Y"y  R'SIR
T TQR
J = S,Y'Y) _LS/L
- r 77. - tr TR
U S,(Y7Y)  L'SL
In an independent optimization approach, to get R can be done by maximizing J; (reject J>') and then obtaining L by
maximizing J> '(rejecting Ji'). This is not consistent in optimizing the objective function, which is when maximizing J;', J>" has

decreased and vice versa. This problem can be solved by two techniques namely first, when maximizing J;', must calculate J>'".
But, on the other hand also need to know how to combine J;'and J>'. The simple combination that can be done is J=J;+J2', i.e.

R'SFR+L'S.L
TgR TQL
R'S*R+L'SLL (17

Secondly is how to optimize the objective function. The result to maximizing maxr J can be simply done by calculating
-1
eigenvectors from S, Sb , the same calculations as the Linear Discriminant Analysis method.

However, the objective function described in equation (19) cannot be used to determine the trace of a single ratio of the
two distribution matrices. This happens because the objective function cannot be solved in the same direction through eigenvector
calculations (same as standard LDA). However, this can be overcome by developing an efficient algorithm using the gradient-
up approach. This approach reduces objective functions. The derivative of the matrix function is done by using the basic matrix
algebra contained in Fukunaga's book (1990). The results are shown in the following Lemmas:

_TQR _TTQR _RTQL _RTQL
Lemma 2: Let P, L S"L, O L S“’L, Pr R S"R. and QOr R S“R.
Dervative of objective function Japrr-p in equation (3.2) as follow

a
For OR obtained
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0 RTS:R
Pyl S
O0R RS R and

itrLTS’fL —2§ > (H,-M,)' LQ,'L'(H,~M,)R
6R LTS‘fL =& i k L i k

=28, RO;' 28RO, KO}’

23 (M, ~ MY LO; PO I (M, - M)R

k=1 [18]
aJ

For OL obtained [8]
0 LTSbRL R7 -1 Ry )l -1
—tr =28, LQO, -25,LO, P,
0" Tty ~ IS0 ASILONROL!

T oL K
itrR SR :22 Z (Hi_Mk)RgllRT(Hf_Mk)TL

oL R'S,R 53

K
—23 (M, = M)RQ' RO R" (M, ~M)' L
k=1 [19]
Using the explicit gradient formula above, an algorithm can be developed like algorithm 1 to facilitate the classification

applied to computer visualization, following an efficient algorithm using the gradient-up approach.

Algorithm 1 Symmetrical 2-DLDA using Gradient
Input

a) Set of figure {X‘ }i:1 and label of each class
b) Lo, Ro inisialization
¢) Frequency c for orthogonalisazion
Inisialization
2) L L, ,R<R,
b) Compute M, k=1.2. ... Kand M
M is average of each class, and M is overall average

) t<0
Do

R L R L
Compute Su> Sus 8ys Sy

ReR+5a—J
OR

L« L+56—J
oL
tt+1
if(tmodc)=0
R « eigenvector from (S5)™' Sy

L <« eigenvector from (S*)™"' Sf

endif
Output L, R [14]
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3.3 Application of the use of Symmetrical 2-Dimension Linear Discriminant Analysis Method in an Example of Character

Pattern Recognition

To facilitate understanding of Linear Discriminant Analysis (LDA) and 2-Dimension Linear Discriminant Analysis (2-DLDA),
researchers present how to recognize patterns of a character using these methods and how they compare with each other. The
following are examples of 2 characters A and B, with each character A and B having two patterns.

# .. #O#H#H#
# . . # #
# # # # #O##H#
# # #
# # # #
# # #o##
Hi H>
# # #
# # #o#
# # # # #
# # # # # #
# # #
# .. # # #
Hs Hs4

#
#

#

#

#

Each character pattern above is represented in a 6 x 6 = 36 elements matrix, then the matrix is detached into 6 classes,
1 if the element represented is #, the representation

Hi= {11, [12..., [16}. Xi= 0 if the element represented is a dot and Xi

matrix as follow:

001100

01 00T1O0

1 01101
H =

1 00 001

1 00 001

1 00 001

In the example of the characters above, it can be seen that the characters Ai and As characters are symmetrical characters, but
the matrix of character representation is not a symmetrical matrix. For the pattern recognition process, then each character

representation matrix is partitioned into 6 classes viz.

0 0 1

0 1 0

1 0 1
Hlico/umnl = s HlJu/umnz = o |2 1cotunn3 = ol H

1 0 0

1 0 0

I__column4 =

S O O = O

, H,

1_columns —

(=]

(= = =
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1_column6 =

[ =)

And so on for Hz, Hs and Hs matrices, then calculate each average.

In high-dimensional data
The average of each class is

M; =2,0553 M>=0,92912 M; =0,0726266 M, =-0,18354
Ms=-0386472  Ms=0,05335 M; = -0,09874 My =-026913
My =-0,07844

Overall average M = 0.2331295.
Linear Discriminant Analysis Method

Eigenvalue matrix in-class distribution (Sw) above is

—0.0000
—0.0000
0.0000
0.0000
0.0000
0.0000
0.7703
eigenvalue(S,)=| 2.9668
3.9791
9.7286
13.1248
17.8440
30.8847
96.9425
603.0483

trace (Sw) = 779.2891. Trace is the number of eigenvalues in a square matrix of size n x n which is also the sum of the
diagonal elements of the matrix.
The in-class distribution matrix eigenvalue (Sw) above is

Algorithm Symmetric 2-DLDA for Recognizing Handwritten Capital Letters (Ismail Husein)
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—-0.0000
—0.0000
—-0.0000
—0.0000
eigenvalue(S,)=| 0.0000
0.0000
0.0000
0.0000
73.1690
trace (Sp) = number of diagonal elements (Sn) =73.1690.
tr(S,)
Optimum objective function LDA = tr(S“ )
73.1690
= 779.821

=0.093827

4. CONCLUSION

The problem of doubt created by the objective function of the 2-Dimensional Linear Discriminant Analysis can be dealt
with prior to implementing the symmetrical 2-Dimension Linear Discriminant Analysis approach by resolving the issue
before using the symmetrical 2-Dimension Linear Discriminant Analysis approach. As a result, there is a complete objective
function. By dividing the traction formulation (Sw) by the inter-class distribution matrix (Sw), the symmetrical 2-DLDA
formula was obtained (Sb). The all-encompassing objective function includes everything.

R'S'R . L'S'L
———ttr
R'S’R  L'S'L

J=tr

In addition, an efficient computational algorithm for solving objective functions in symmetric 2-DLDA is provided.
2-DLDA gives better and more accurate results than 2-DLDA when applied to high-dimensional data.
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